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Abstract 



f-H ! In this paper, we compute the Leibniz homology of the Schrodinger algebra. We 

' show that it is a graded vector space generated by tensors in dimensions 2n — 2 and 

■ In. The Leibniz homology of the full Galilei algebra is also calculated. 
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m 

co : 1 Introduction 

m 

Leibniz homology was introduced by Jean-Louis Loday (see [jj 10.6]) as a non commutative 

■ version of Lie algebra homology. In this paper, we calculate this homology for one of the most 
important non semisimple Lie algebra of mathematical physics. Thanks to its semidirect sum 
structure, the Schrodinger algebra is presented as an abelian extension of a semisimple Lie 
algebra. This enables us to calculate its Leibniz (co)homology using techniques previously 
applied on the Lie algebra of the euclidean group [I], the affine symplectic Lie algebra [9] 
and the Poincare algebra [2j. Recall that the (non centrally extended or massless) full Galilei 



group GAL(n) of n-dimensional space consists of real (n + 2) x (n + 2) matrices 

(M.l) 



X v a 
A n B n 
C n D n 



with X eO(n; R), a, v G lR n and A n , B nj C n , D n eR with A n D n - B n C n ^ 0. Its group 
structure is the semidirect product 

GAL(n) = (0(n;K) x GL(2;K)) x (R n x R n ). 

With the condition A n D n —B n C n = 1, the matrices (M.l) above constitute the Schrodinger 
group Sch(n). Its Lie algebra scf) n is an abelian extension of the Lie algebra 

Jj n =so(n;R) ©sl(2;R). 
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We calculate its Leibniz homology and obtain the isomorphism of graded vector spaces 

HL*(sct) n ; R) = (R © (Q © (a n ) ) © T*(7„), 

where (( n ) denotes a 1-dimensional vector space in dimension In — 2 generated by the scf) ra - 
invariant 



(<5 n ) denotes a 1-dimensional vector space in dimension 2n generated by the scf) n -invariant 
1 

{2n)\ 



&n = 77~Tj S g n (°")^(l) ® " " " ® ® y«r(n+l) © • • • © 2/<r(2n) 



and T*(7„) denotes the tensor algebra on a (2n — 2)-degree generator which is an antisym- 
metrization of 

i A . . . yi . . . A y n A ?/n+i A . . . y n +j • • • A ?/2n) 

l<j<j<n 

- ^ Xij © (yx A . . . $ . . . A y n A y n+ i A . . . ... A y 2 n) 

l<i<j'<n 

with := Xi +l and := 2 for 1 < i < n. 

Since g[(2; R) = «[(2; R)0-D where D = { |j ° 



d G R}, it follows that gat n = scf) n © D. 



The Leibniz homology of ga( ra is then obtained via a Kiinneth-style formula for the homology 
of Leibniz algebras [8] . 

2 The Leibniz Homology 

Recall that for any Lie algebra g over a ring k and V any g-module, the Lie algebra homology 
of g with coefficients in the module V, written H^ te (g; V), is the homology of the Chevalley- 
Eilenberg complex V © A*(g), namely 

t r d T r„ A 1 d Tr „ A 2 d d Tr „ a" - 1 a! T r „ A" 

V< — V © g A < — V © g A < — ...< — V © g A < — V © g A <- . . . 
where g A ™ is the nth exterior power of g over k, and where 

d(v © 5-1 A . . . A g n ) = ^ i- 1 ) 1 9i\ ® </i A . . . & . . . A 

l<?'<n 

+ ^ (-1)^'-^ © [g h 9j ] Ag 1 A...g i ...g j ...Ag n [3] 

l<j<j'<n 

where g~i means that the variable g^ is deleted. 



For each n, we have the canonical projection 7r : g <g> g A ™ — > g An+1 . This gives a map of 
chain complexes g <g> A* (9) — > A* +1 (g) and thus induces a fc-linear map on homology 

vr* : H^(g; 9) — > fc). 

Recall that for any 9-module M, the submodule M of g— invariants is defined by 

M s = {m e M I [m, g] = for all g E g} . 

Lemma 2.1. Let 

— > 3 g e g — )• 

fre an abelian extension of a (semi) -simple Lie algebra g over R. Tnen £ne following are 
natural vector space isomorphisms 

tff e (g e ; R) S iZ^ e (g; R) ® [A*(3)] , 

^f e (0 e ; 9e) = H^(q- R) (g) [H^(3- g e )] . 

Proof. The proof consists of applying the Hochschild-Serre spectral sequence to the (semi)- 
simple Lie algebra g, subalgebra of g e . See [TOj lemma 2.1] for details when g is simple. □ 

Remark 2.2. The (co)homology groups o/s((2; R) andso(n; R) are known (see /5[ p. 1742]). 
So by lemma WH to determine H^ ie (sd) n ] R) ana 1 H^ ie (sd) n ; scf) n ), z't is enough to determine 
the appropriate modules of ^-invariants. 

Recall also that for a Leibniz algebra ( Lie algebra in particular) g, the Leibniz homology 
of g with coefficients in R denoted iZX*(g, R), is the homology of the Loday complex T*(g), 
namely 

R ^- g g® 2 . . . ^— q^ 1 g®" <- . . . 
where g®" is the nth tensor power of g over R, and where 

<%i <8> g 2 <E> • • • <8> p n ) = 

5^ (-!)^l®^2® [ft, ® <7i+i ® ®£ n [3- 

l<i<j'<n 

Note that the latter complex above is infinite, so the calculation of these homology groups is 
most likely possible only through the use of a spectral sequence. Pirashvili [11] introduced a 
spectral sequence for this purpose and Lodder [10] used it to establish a structure theorem 
useful to determine the Leibniz homology groups of abelian extensions of (semi-) simple Lie 
algebras in terms of these Lie algebras invariants. 



3 Leibniz homology of the Schrodinger algebra 

Assume that R n is given the coordinates (xx,x 2 , ...,x n ), and let -J^j be the unit vector fields 
parallel to the respectively. It is easy to show that the Lie algebra generated by the 

family B\ below of vector fields (endowed with the bracket of vector fields) is isomorphic to 

fv 

B\ {Ajj, a n , 6 n , c n } 
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where 


Xa := — Xi-—— + i,— 1 < i < j < n, 
3 dxi 3 dx l ~ 



a n :- -X n+1 q x11+1 + %n+2 Q x n+2 ' 

h - 9 
O n .- X n+1 ^ n+2 , 



C n . X n -\-2~ 



The brackets relations of the Lie algebra f) n are: 

[Xij,Xik] = Xjk, [Xij,a n ] = 0, [Xj^&J = 0, [Xjj,c n ] = 0, 

[o n , 6 n ] 26 n , [o n , c n ] 2c n , [6 n , c n ] a, n . 

Remark 3.1. The brackets above yield the following Lie algebra isomorphisms 

sl(2; R) = span{a n , b n , c n }, 

so(n; R) = span{Xij, 1 < i < j < n}. 

Denote by 3 n the Lie algebra of l n x I". The following is a vector space basis of 3 n . 

Then the Schrodinger algebra sct) n has an R-vector space basis B 1 U B 2 and there is a short 
exact sequence of Lie algebras |6, p. 203] 

— > 3 n scf) n % n — > 

where i is the inclusion map and n is the projection sct) n — > (sct) n /3 n ) = i) n . Note that 
here, 3 n is the standard representation of fj ra i.e fj ra acts on 3 n via matrix multiplication 
on vectors. More precisely, 3 n is an abelian ideal of scf) n acting on scf) n via the following 
brackets of vector fields: 



[XlJ ' Xl 0x^ ] = Xj dx^' [XlJ,Xl 0x^ ] = X] 0x~^' [an,Xt 0x^ ] = Xl 0x^ J 


o g 

ators of the rotations, dilation, time translation (Hamiltonian), conformal transformation, 
Galilean boosts and space translations (momentum operators). 

Also the Lie algebra i) n acts on 3 n and scf) n via the bracket of vector fields. This action 
is extended to 3^ k by 

k 

[a x A a 2 A . . . A a k , X] = ax A a 2 A . . . A [a i: X] A . . . A a k 

i=i 
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In this framework, X^, a n , b n , c n , Xi - and Xi - r> _ L9 represent respectively the gener- 



for cKj G 3 n , X G f) n , and the action of f) n on scf) n <8> 3^ k is given by 

[g <g> «i A « 2 A . . . A ock, X] = [g, X] <g) a% A . . . A ock 

k 

+ ^2g ® ai A a 2 A ■ ■ ■ A [a*, X] A . . . A a k 

i=l 

for g G scf)„. 

For the remaining of the paper, we write so(n), gl(2) and sl(2) for so(n; R), gl(2; R) and 
sl(2; R) respectively. 

Lemma 3.2. There is a graded vector space isomorphism: 

[A*p„)]^ =R© (/?„)© (Cn)©(«„) 

where 

n 

a n = y 1 A...Ay n A y n+1 A ... A y 2n , & = j/i A y. 

and 

n 

Cn = / J yi A ■ ■ ■ y< ■ ■ ■ A y n A y n+ i . . . . . . A y 2 



n+i 

1=1 



2=1 

A- — 

■Q^+i an(l yn+i--^Q^ 



with yi := x { n ^ and y n+i := x^ - n+2 for I < i < n. 



d d 

Proof. Clearly [Rf n = R. Now let uj G 3 n . Then to = ^ c^ - w+1 + 2J c-x ^ w+2 for 

l<i<n l<i<n 

real constants q, c[. Assume without loss of generality that c io 7^ for some i 7^ n. Then 

d d - - 

[o;,Xj on ] = -c io x n x + c n x io Q xn+1 0- So w ^ p n ] 6n and thus [3 n ] 6n = 0. Now write 

3 n = 3 l n © witn = (vh ■ ■ ■ ,Vn) and = (y n +i, ■ ■ ■ , D2n)- Then since so(n) is a Lie 
subalgebra of fy n , it follows by [TJ lemma 4.1] that 

{R if A: = 

(^A...A^) if fc = n 
else 

d d 
for % = 1, 2. However, ^17^- A ... A ^q—^ £ [A^)]" because 

r d d d d 

|iCi— — j r A ... A x n — — — , a n l = ( — lYn Xi— — -7 A ... A x n - — — 7^ 0. 

Now let w = J2 c ** A * AB * e [(^n) Ar A (^) As ] fl " with A, G (3 l n ) hr and 75, G (3£) Aa . 
If r =fi s, we have [w, a n ] = [ c,* A* A B*, a n ] = (s — r)a> 7^ 0. This is a contradiction. 
If r = s = 1, one easily shows that 



[(#) A (K)f n = (&>■ 



5 



If r = s = n — 1, one also shows that 

[Pi-i) B - 1 A(^_ 1 ) B - 1 ] 5 » = (0- 

If r = s = n, a straightforward calculation shows that 

[(t) Ari A(t) A f" = (« n >- 

For 1 < r = s < n - 1, we show that [(0£) As A (J^) As ] i ' n = by showing by induction on n 
that [(^) As A (^) As ] S0(n) = 0. Indeed, it is easy to check the result for n = 4 and r = s = 2. 
By the inductive hypothesis, suppose [(O^)^ A (3 2 n _ 1 ) As ] so(n ~ 1) = for s ^ 0, 1, n-2, n-1 
and let 2 G [(J^) As A (I5 2 ) As ] so(n) with s J 0, 1, n - 1, n fixed. Then 

2 = aAi A B± + c 2 A 2 AB 2 Ay n + c 3 A 3 A B 3 A y 2n + c±A 4 A 5 4 A y n A y 2n 

where A,,A 3 G (O^r, B U B 2 G (l 2 n _ 1 )* a , A 2 ,A 4 G p^)^ 1 , B 3 , B 4 G (^_i) As_1 , and 
Ci, c 2 , c 3 , c 4 G R. Let X G so(n — 1) C 50 (n) as a Lie subalgebra, we have 

= [z, X] = c 1 [A 1 AB 1 , X]+c 2 [A 2 AB 2 , X]Ay n +c 3 [A 3 AB 3 , X]Ay 2n +c 4 [A 4 AB 4 , X]Ay n Ay 2n . 

If the coefficients are non-zero, then the terms [A\ A B±, X], [A 2 A B 2 , X], [A 3 A B 3 , X] 
and [A4 A B 4 , X] are all zero By linear independence. This implies that 

A 2 A B 2 G [(^.x)^- 1 A (Jl^T^ = 0, A 3 A B 3 G [(O^)^ A (O^)**- 1 ]* ^- 1 ) = 
by the case r^s above, and 

A A B l G [(^r A (Jl^T^ = 0, A 4 AB 4 e [(^.x)^- 1 A (O^)*- 1 ]' ^- 1 ) = 
by inductive hypothesis. Hence z — 0. □ 
Lemma 3.3. For a// integer k, 

Proo/. Let fc x and A; 2 with < fej, A; 2 < n and let w G [sl(2) <g> (J^) Afel A (a r 2 l ) Afc2 ] i '. Then 

where A* G (3£) Afcl , 5, G (3£) Afc2 , and c**,c^*,c** are real coefficients. 
= [w, a n ] ={k 2 - fci) ^ c** a n <8> A* A B* 

A*,B» 

+ (fc 2 - fci + 2) C T b n A* A B* + (k 2 - k x - 2) ^ c** c n <g> A, A £„. 

If fc 2 7^ ki, k\ — 2, /ci+2, this implies by linear independence that all the coefficients c**, c£*, c** 
are zero and thus u — 0. However if k 2 = ki, only the coefficients c|*, c** are zero by linear 
independence. So w = c** a n <g> A* A B*. Now 

= [u, Cn] = 2 ^ c** c n ®iA5,+ c** a n <g> A* A [5,, c n ]. 

6 



This implies that the coefficients c** are zero by linear independence. Hence 00 = 0. 
If hi = ki — 2, only the coefficients c**, c** are zero by linear independence. 
So to = V] c* b * b n <g> A* A 5*. Now 

A»„B* 

= [w, c n ] = ^ c* b * a n ®A* AB*+ C T K ® A* A [S„, c n ]. 

This implies that the coefficients c* b * are zero by linear independence. Hence uj — 0. 
Similarly, if &2 = fci + 2, only the coefficients c**, cjj* are zero by linear independence. Now the 
condition [to, c n ] = annihilates the coefficients c** by linear independence. Hence to = 0. □ 

Lemma 3.4. The following are verctor space isomorphisms 

{0, if k ^2,n -2 

(p n ), if k = 2 

(in), if k = n-2 

where 

Pn = ^ Xi i ® Vi A Vn+ 'J ~ Xi 3 ® % A ^ n+i 

l<i<j'<n l<i<j<n 

and 

7n = ^ X„- <8> (yi A . . . yi . . . A y n A y n+ i A . . . y^- ... A y 2 n) 

l<i<j'<n 

- 2J Xij ® (yi ^ . . . . . Ay n A y n+ \ A... y^i ... A y 2 

l<i<j'<n 

Proof. Clearly, [,eo(n)p n = since [X y -, Xjfc] = X^ 7^ 0. Also since so(n) is a subalgebra of 
f) n , it follows by [H lemma 4.2] that [so(n) ® A fc (J^)] f,n is a submodule of 

{0, if k ^ 2,n - 2 

( Ei<«<j<n sgn(<Tij)Xij ®yiA...y i ...y j ...Ay n ), if fc = n - 2. 
However, [ ^ X y - ® yi A yj, b n ] = X y - <g) 2/ n+i A + Xy <g>yi A y n+ j 7^ 0. 

l<i<j'<n l<i<j'<n l<i<j'<n 

Also, one shows that ^ Xy (g) j/i A . . . ^ . . . . . . A y n [so(n) ® A"~ 1 (^)] f,n . Hence 

l<i<j'<n 

[so(n) g) A fe (3*)p n = for all fc. similarly, one shows that [so(n) <g> A fc (3;;)]'>" = using c n . 
Now let r and s with 1 < r, s < n and let w G [so(n) <g> (3*) Ar A (3£) As ] 5n . Then 

l<i<j<n 

with A, G (ji) Ar , 5, G (^) As . Hr^s, we have 

= [u, a n ] = (s-r) Y c *ij X ij 

l<i<j<n 
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as [A*,a n ] = — rA* and [B*,a n ] = sB*. So all the c**s are zero by linear independence. So 
oj = 0. For the case r = s, first notice that since so(n) is a Lie subalgebra of t) n , it follows 
that [so(n) ® A fc (J n )] i ' C [so(n) ® A fc (J n )] so(n) . Now following again the proof of [H lemma 
4.2], we have that 



dim[«o(n) <8> ^ fc ] s °( n ) = dimHom so{ n){3f, X 



Ak\ 



1, if fc = 2,2n- 2 
0, else 



So two cases remain here for possible f) n -invariants: Firstly, if r = s = 1 we have 

d d 

U = ^ C ij X ij ® Xfc g x n+1 A X ' g X n+2 ' H ° WeVer SillCe t W ' &n ] = [ W ' C ™] = ' ^ foll ° WS ^ 

l<i<j'<n 
l<fc,Kn 

linear independence that all coefficients cfj, k ^ I are zero except for = (k,l) in which 
case successive choices of e so(rz) with pQj,u;] = imply by linear independence that 
c/j = —Cjl = c for some constant c.Thus 

u = c ^ Xij^yiA y n+j - ^ X v ® Vo A Vn+i- 

Secondly, if r = s = n — 1, the proof that u = cy n for some constant c is similar to the first 
case. □ 

Lemma 3.5. For all integer k, 

Pn ® 3ft* ] 6 " = 0. 

Proof. Write J n = 3\ © J 2 as in the proof of lemma 13.21 Note that since so(n) is a Lie 
subalgebra of t) n , it follows by B lemma 4.3] that p£ <g> A*(X)] 5 " C p n g> A fc (^)] so(n) = 
for all k ^ 1, n — 1, for i = 1,2. Now by [U lemma 4.4], 

Pi®3fi] 5 "c[ji®3ri]«w = (^; w ® w ) 

8=1 

and by [U lemma 4.5], 

n 

Pn ® A"- l pi)] 5 - C ® A"- 1 ^)]"^ = < ^(-l)™- 1 ^ ® yi A y 2 . . . yZ . . . A y n ). 

m=l 

However 

n n 
i=l i=l 

and 

Em=i( _1 ) m_1 ^8>2/i A...fc...A?/ ri ,6 n ] = -Em=i( _1 ) m ?/n+m ( 2)yi A . . . . . . A y n 

+ E?=i ELi(- 1 ) m " 1 !'m ® j/i A ... A A . . . ^ . . . A y n ^ 0. So 

pi ® A n-1 pi)]^ n = and pi ® = 0. 

Similarly, 

Pn ® A"" 1 ^)]*" = and [3' 2 n ® 3^ = 0. 
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Now in general, let h and k 2 with 1 < k h k 2 < n and let u <E [3 n © (3*) Afcl A (3£) Afe P™. 
Then w = ^ c** y t © A* A B* + ^ <£* +i y n+i ® A t A 5 t 

l<i<n l<i<n 
A»,B, A*,B* 

with A* e pi) Afc \ 5, G (J^) Afe2 and c**, real coefficients. We have 
= [u, a„\ =(k 2 -h-1) C T Vi®A*AB* + (k 2 -h + 1) c n+i Vn+i ®A*AB*. 

A»,B» A«,B* 

Two cases occur: Firstly, if k 2 — k\ + 1, all the coefficients c** +i are zero. Now since 

= [w, b n \ = C T Vn+i ®4A5 t + C T Vi ® [A*, b n\ A B m , 

l<i<n l<i<n 
A*,B, A*,B» 

it follows that all the coefficients c** are zero by linear independence. So u = 0. Secondly, if 
k 2 — ki — 1, all the coefficients c** are zero. Similarly, the condition = [u, c n ] annihilates 
all the coefficients c** +i by linear independence. So u = 0. □ 

As a consequence of these lemmas we have the following: 

Theorem 3.6. There are graded vector space isomorphisms 

H^(sct) n , R) S H? e (sl(2); R) © tff e (so(n); R) © (R © (Q © <a n », 

and 

HL*{sct); R) = (R © (Cn) © ) ® T*(7 n ), 
w/iere a n = ^-^y ^ sgn(a)y a{1) © ... © y CT(n) © y CT ( n+ i) © ... © y a ( 2n ) is the antisymmetriza- 
tion of a n , 



(2n)\ 



Cn = ^2 S 9 n ( a )y^l) ® • • • y<r(i) • • • ® y«r(n) ® ^(n+l) © • • • • • • <S> y<j(2n) 

is the antisymmetrization of ( n and^ n is the \) n -invariant cycle msc^'™ -1 ' representing 7 n . 

Proof. The first isomorphism follows by lemma 12.14 lemma 13.21 and the Kiinneth formula for 
Lie algebra homology. Note that the rj n - invariants /3 n is zero in iiff^scf^; R) since 

d(p n ) = -2{n - l)f3 n 

where d is the Chevalley-Eilenberg boundary map and 

p n = ^ X ij A Vi A Vn+j ~ ^ X *3 A % A 2/n+i " 
l<i<j'<n l<i<j/<n 

For the second isomorphism, notice that 7 n and p n are the only i) n - invariants in scf) n © 3 A *. 
But p n is not a cycle in H^ ie (3 n ; scf) n ) f)n as it maps to 



d{p n ) = ~2{n - 1) ^2 Vi ® Vn+i ^ 



1=1 
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by the Loday boundary map d. So the kernel of the composition 

tt» o j, : H^{X\ scfjj 5 " #f e (scf) n ; 5cfj n ) i#£(«fj n ; R) 

is If* = (7„). Note that vr* o j„ o d(p n ) = -2(n - l)/3 n ^ and vr* o j*(7n) = in R 
Now since f) n is a semisimple Lie algebra, we have by Lodder's structure theorem [10J Lemma 
3.6] that 

#L*(scJ) n ; R) = \A*(3 n )}^ ® T(K*) = (R © (Q © (fin) ) © T* (%). 
(The construction of 7„ is similar to jU lemma 4.6]). □ 

4 Leibniz homology of the full Galilei algebra 

We now turn back our attention to the full Galilei algebra gal n . From the matrix (M.l), we 
can construct the Lie algebra isomorphisms 

fl[(2; R) = Span{a n , b n , c n , d n } and gal n = sct) n © (d n ) 

where 

d d 

d n '■— X n+1TT~TTT + x n+2' 



dx n+l 1 ~^ dx n+2> 

and in addition to the brackets in the Lie algebra scf) n , we have the following brackets 
[Xij, d n ] = 0, [a n , d„\ = 0, [b n , d n ] = 0, [c n , d n ) = 0. 
d , d r , d , 9 



Corollary 4.1. There is a graded vector space isomorphism 

#L*(0a( n ; R) = ((R © (Cn) © (^) ) © T*(7 n )) * T*(R) 
where * is the non- commutative tensor product of ~H- graded modules. 

Proof. Since gol n = scf) n ©(d n ) and H^ ie {(d n ); R) = T*(R), the result follows by theorem 
3] and theorem 13.61 □ 
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